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Abstract
Fock space realisations of unitary highest weight representations of compact and noncompact real forms
of the quantum general linear superalgebra Uq(glm|n) are constructed. We decompose all tensor powers of
the Fock spaces into direct sums of irreducible unitary submodules for compact or noncompact real forms
of the quantum superalgebra, obtaining multiplicities of the irreducibles and also explicit formulae for their
highest weight vectors. A generalised Howe duality of type (Uq(glm|n),Uq(glk)) is also established, which
is used in the study of unitary representations and should also be of independent interest.
© 2008 Elsevier Inc. All rights reserved.
Keywords: Lie superalgebra; Quantum group; Unitary representation; Fock space
1. Introduction
Quantum superalgebras were introduced in the early 90s to describe the type of supersym-
metries exhibited by some soluble lattice models such as the Perk–Schultz models in statis-
tical mechanics. The representation theory of these algebras have been much studied (see,
e.g., [1,13,15,17]), and their applications to the theory of knots and 3-manifolds led to the dis-
covery of many new topological invariants.
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were classified in [5]. Such representations can only occur for the two types of compact real
forms (see Section 2.4) of the algebra. Every finite-dimensional irreducible unitary representation
is either a submodule of a tensor power of the natural representation or the dual depending on the
real form. This fact played a crucial role in developing the structure of the dual quantum general
linear supergroup in [16]. However, very little seems to be known about infinite-dimensional
unitary representations of quantum superalgebras.
In this paper, we shall study unitary highest weight representations of both compact and non-
compact real forms (see Remark 2.5) of the quantum general linear superalgebra Uq(glm|n) by
adapting the Fock space techniques developed in [2,3,11] to the quantum setting. A class of
unitary highest weight representations can be realised on the Fock space of m bosonic and n
fermionic quantum oscillators. By taking tensor powers of the Fock space, one generates a large
class of unitary representations, which will be treated comprehensively in this paper.
We first construct a multiplicity free action of Uq(glm|n)⊗ Uq(glk) on a noncommutative su-
peralgebra (Theorem 2.2) in Section 2.2. This establishes a quantum Howe duality [7] between
the quantum (super)algebras. This result will play a crucial role in the study of unitary represen-
tations in this paper and should also be interesting for the invariant theory of Uq(glm|n).
All the irreducible unitary modules of the compact real form Uq(u(m|n)) of Uq(glm|n) are
constructed as submodules of tensor powers of the Fock space. We first give a realisation in
Lemma 3.1 for Uq(u(m|n)) in the quantum oscillator superalgebra, then use it to prove Theo-
rem 3.5, which gives, beside other results, an explicit decomposition into irreducibles of each
tensor power of the Fock space.
Fock spaces as unitary modules of the noncompact real form Uq(u(p,h|n)) of Uq(glm|n)
(p + h = m) are studied in Section 4. Theorem 4.17 determines all the irreducible unitary high-
est weight representations arising from tensor products of the Fock space. The multiplicities of
irreducible modules in each tensor power of the Fock space are obtained and their highest weight
vectors worked out.
When h = 0, Theorem 4.17 yields all the finite-dimensional irreducible unitary representa-
tions of type II in the sense of [5], which are duals (up to twists by 1-dimensional modules) of
the irreducible unitary representations in Theorem 3.5. Another interesting special case of The-
orem 4.17 is when n = 0, where the theorem gives all the irreducible unitary highest weight
representations of Uq(glm) at real positive q by [8,10]. These results will be further discussed in
Section 4.5.
Let us make some remarks about the proofs for Theorems 3.5 and 4.17. Beside the action of
the real form of Uq(glm|n) on the tensor power of the Fock space under consideration, we also
construct an action of the ordinary quantum general linear algebra Uq(glk) on it. We show that the
two actions commute, and more importantly the image of Uq(glk) is the commutant of Uq(glm|n)
in the endomorphism algebra. Therefore, the tensor power of the Fock space decomposes in a
multiplicity free manner into a direct sum of irreducibles for Uq(glm|n)⊗ Uq(glk), and we work
out the decomposition in explicit form to prove the theorems.
2. Hopf ∗-structures on quantum general linear superalgebra
This section presents some background material and also a new result on Howe duality (The-
orem 2.2), which plays an important role in this paper and should also be of independent interest
in invariant theory. We shall work over C throughout, and fix a real positive q = 1. Denote
I = {1,2, . . . ,m+ n} and let I′ = I\{m+ n}.
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Let {a | a ∈ I} be the basis of a vector space with a bilinear form (a, b) = (−1)[a]δab ,
where [a] = 0 if a  m, and [a] = 1 if a > m. The roots of the classical Lie superalge-
bra glm|n [9,14] can be expressed as a − b where a = b, a, b ∈ I. Let qa = q(a,a). The
quantum general linear superalgebra Uq(glm|n) is a unital associative superalgebra generated
by K
1
2
a ,K
− 12
a ,Eb,b+1,Eb+1,b (a ∈ I, b ∈ I′) subject to the following relations [15]:
K
1
2
a K
− 12
a = 1, K±
1
2
a K
± 12
b = K
± 12
b K
± 12
a ,
K
1
2
a Eb,b±1K
− 12
a = q 12 (a,b−b±1)Eb,b±1,
[Ea,a+1,Eb+1,b] = δab
KaK
−1
a+1 −K−1a Ka+1
qa − q−1a
,
(Em,m+1)2 = (Em+1,m)2 = 0,
Ea,a+1Eb,b+1 = Eb,b+1Ea,a+1,
Ea+1,aEb+1,b = Eb+1,bEa+1,a, |a − b| 2,
S
(+)
a,a±1 = S(−)a,a±1 = 0, a = m,
[Em−1,m+2,Em,m+1] = [Em+2,m−1,Em+1,m] = 0, (2.1)
where Em−1,m+2, Em+2,m−1 are the a = m− 1, b = m+ 1, cases of the elements defined recur-
sively for all a < c < b by
Eab = EacEcb − q−1c EcbEac, Eba = EbcEca − qcEcaEbc;
and S(+)a,a±1 and S
(−)
a,a±1 are defined in the following way. For any pair of elements x and y in the
algebra, let D(x,y) = x2y − (q + q−1)xyx + yx2, then
S
(+)
a,a±1 = D(Ea,a+1,Ea±1,a+1±1), S(−)a,a±1 = D(Ea+1,a,Ea+1±1,a±1).
The Z2-grading of the algebra is specified such that the elements K
± 12
a , ∀a ∈ I, and Eb,b+1,
Eb+1,b , b = m, are even, while Em,m+1,Em+1,m are odd. The bilinear bracket [ , ] is defined in
the following way. If either x or y is an even element of the superalgebra, [x, y] = xy − yx; and
if both are odd, then [x, y] = xy + yx.
It is well known that Uq(glm|n) has the structure of a Hopf superalgebra. We shall denote by Δ
the co-multiplication, by  the co-unit and by S the antipode, and take
Δ(Ea,a+1) = Ea,a+1 ⊗K
1
2
a K
− 12
a+1 +K
− 12
a K
1
2
a+1 ⊗Ea,a+1,
Δ(Ea+1,a) = Ea+1,a ⊗K
1
2
a K
− 12
a+1 +K
− 12
a K
1
2
a+1 ⊗Ea+1,a,
Δ
(
K
± 12
a
)= K± 12a ⊗K± 12a .
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1
2
a vb =
(1 + (q
1
2
a − 1)δab)vb and Ea,a±1vb = δa±1,bva. Tensor powers of V reduce to direct sums of
irreducible tensor modules [16], which were extensively studied in the literature. For example,
their crystal bases were constructed in [1]. It is also known [5] that the irreducible tensor modules
comprise all the irreducible unitary modules for the type I (see [5] for this notion) compact
real form of Uq(glm|n), and their duals comprise the irreducible unitary modules for the type II
compact real form of the quantum superalgebra.
The dual space U∗q of Uq(glm|n) has a natural algebraic structure with the multiplication de-
fined for any t, t ′ ∈ U∗q by 〈t t ′, x〉 =
∑
(x)〈t ⊗ t ′, x(1) ⊗ x(2)〉, for all x ∈ Uq(glm|n). Let π denote
the representation of Uq(glm|n) on V relative to the standard basis. Following [16], we consider
the subalgebra T (m|n) of U∗q generated by the elements tab (a, b ∈ I) such that 〈tab, x〉 = π(x)ab ,∀x ∈ Uq(glm|n). Then T (m|n) has the structure of a bi-superalgebra with the co-multiplication
Δ(tab) =
∑
c∈I
(−1)([a]+[c])([c]+[b])tac ⊗ tcb.
We have the following left actions Ψ,Φ : Uq(glm|n) ⊗ T (m|n) → T (m|n) of Uq(glm|n) on
T (m|n) respectively defined by
x ⊗ f →
∑
(f )
(−1)[f ][x]f(1)〈f(2), x〉, x ⊗ f →
∑
(f )
(−1)[x]〈f(1), τ (x)〉f(2),
where Sweedler’s notation Δ(f ) = ∑(f ) f(1) ⊗ f(2) is used for the co-multiplication of
f ∈ T (m|n). Here τ is the C-linear algebra anti-automorphism defined by
τ(Ea,a±1) = Ea±1,a, τ (Ka) = Ka. (2.2)
It is obvious but important to observe that the two actions commute.
Both actions preserve the algebraic structure of T (m|n), thus T (m|n) is a Uq(glm|n)-module
algebra (see [12, §4.1] for this notion) with respect to either Φ or Ψ . Denote by Lm|nλ the
irreducible Uq(glm|n)-module with highest weight λ. We have the following multiplicity free
decomposition of T (m|n), which is a partial analogue of the Peter–Weyl theorem for compact
Lie groups.
Theorem 2.1. (See [16].) As a Φ(Uq(glm|n))⊗Ψ (Uq(glm|n))-module,
T (m|n) ∼=
⊕
λ∈Λm|n
L
m|n
λ ⊗Lm|nλ ,
where Λm|n is the set of highest weights of the irreducible tensor modules.
The set Λm|n can be characterised in the following way. Let P(d) denote the set of partitions
p = (p1,p2, . . . , pd) of length d , and set P =⋃d P(d). Let Pm|n = {p ∈ P | pm+1  n}, where
the defining condition is trivially satisfied if the length of a partition is smaller than or equal to m.
We also set P(d)m|n = P(d) ∩ Pm|n. Corresponding to each p ∈ Pm|n, we define
p = (p1, . . . , pm; 〈p′ −m〉, . . . , 〈p′n −m〉), (2.3)1
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Now write a glm|n weight λ =
∑m+n
a=1 λaa as an (m + n)-tuple λ = (λ1, . . . , λm;λm+1, . . . ,
λm+n). Then Λm|n = {p|p ∈ Pm|n}.
2.2. Quantum Howe duality of type (Uq(glk|n),Uq(gld))
For k, d m and l < n, we introduce the following algebras:
• the subalgebra Uq(gld) of Uq(glm|n) generated by the elements
K
± 12
b ,Ea,a+1,Ea+1,a, where 1 a < d, 1 b d; (2.4)
• the subalgebra Uq(glk|n) of Uq(glm|n) generated by the elements
K
± 12
b ,Ea,a+1,Ea+1,a, where m− k < a ∈ I′, m− k < b ∈ I; (2.5)
• the subalgebra Uq(glm|l) of Uq(glm|n) generated by the elements
K
± 12
b ,Ea,a+1,Ea+1,a, where m+ l > a ∈ I′, m+ l  b ∈ I; (2.6)
• the subalgebra Vdk|n of T (m|n) generated by the elements
tab, where m− k < a m+ n, 1 b d. (2.7)
Note that tab is Grassmannian if [a] + [b] ≡ 1 (mod 2). The algebra Vdk|n has a natural N-
grading (N = {0,1,2, . . .}) with tab of degree 1:
Vdk|n =
⊕
k∈N
(Vdk|n)k. (2.8)
The following theorem is the quantum analogue of Howe’s (glm|n, gld ) duality described in [7]
without the terminology of Lie superalgebras [9,14]. It will be used to establish the crucial result,
Proposition 3.4.
Theorem 2.2. The superalgebra Vdk|n forms a module algebra (in the sense of [12, §4.1]) for
Uq(glk|n)⊗ Uq(gld) under the restriction of the joint action Φ ⊗Ψ , and
Vdk|n ∼=
⊕
λ∈P(d)k|n
L
k|n
λ
⊗Ldλ.
Since the proof of the theorem deviates somewhat from the main line of this paper, we relegate
it to Appendix A.
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Given an associative superalgebra A = A0 ⊕A1 with even subspace A0 and odd subspace A1,
we define [a] = i for a ∈ Ai . Call A a ∗-superalgebra if there exists an even conjugate-linear
anti-involution ∗ : A → A. We shall write ∗(a) as a∗. Let W be a Z2-graded A-module. If there
exists an even positive definite Hermitian form 〈 , 〉 : W × W → C which is A-contravariant in
the sense that for any v,w ∈ W , and a ∈ A, 〈av,w〉 = 〈v, a∗w〉, then we say that the module W
is unitary.
As an example we consider the quantum oscillator superalgebra Wdq (m|n) generated by Zαa ,
∇αa and q±
1
2 N
α
a (a ∈ I, α = 1,2, . . . , d) subject to the relations
Zαa Zβb − (−1)[a][b]Zβb Zαa = 0, ∇αa ∇βb − (−1)[a][b]∇βb ∇αa = 0,
∇αa Zβb − (−1)[a][b]q±1Zβb ∇αa = δabδαβq∓N
α
a ,
q±
1
2 N
α
a Zβb = q±
1
2 δabδαβ Zβb q±
1
2 N
α
a , q±
1
2 N
α
a ∇βb = q∓
1
2 δabδαβ∇βb q±
1
2 N
α
a ,
q±
1
2 N
α
a q±
1
2 N
β
b = q± 12 Nβb q± 12 Nαa , q 12 Nαa q− 12 Nαa = 1. (2.9)
Note that the Zαi (i m) are ordinary variables, but Zαr (r > m) are Grassmann variables. Here
q
1
2 N
α
a and q− 12 Nαa are merely notations, but for convenience we also write (q 12 Nαa )k as q 12 kNαa for
any integer k.
The quantum oscillator superalgebra Wdq (m|n) admits the standard ∗-structure:
(Zαa )∗ = ∇αa , (∇αa )∗ = Zαa , (q± 12 Nαa )∗ = q± 12 Nαa , ∀a,α.
Also observe the following easy result.
Lemma 2.3. Fix p such that 1  p  m. There exists a superalgebra automorphism ω of Wq
defined by (α = 1, . . . , d)
ω
(Zαi ) = −∇αi , ω(∇αi ) = Zαi , ω(q 12 Nαi ) = q− 12 q− 12 Nαi , for i  p,
ω
(Zαj ) = Zαj , ω(∇αj ) = ∇αj , ω(q 12 Nαj ) = q 12 Nαj , for j > p.
Let Fdm|n denote the set of the polynomials in the elements Zαa with the natural action
of Wdq (m|n), and refer to it as the Fock space. Evidently Fdm|n forms an irreducible module
for Wdq (m|n). Also note that Fdm|n is naturally N-graded
Fdm|n =
⊕
k∈N
(Fdm|n)k (2.10)
with the subspace (Fdm|n)k consisting of the homogeneous polynomials of degree k. The follow-
ing result is easy to prove.
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〈 | 〉 : Fdm|n × Fdm|n → C, with 〈1|1〉 = 1, (2.11)
which is positive definite for real positive q = 1. Thus in this case the action of Wdq (m|n) on
Fdm|n is unitary.
2.4. Hopf ∗-superalgebra structures on Uq(glm|n)
If A and B are two ∗-superalgebras, then A⊗C B has a natural ∗-superalgebra structure, with
the ∗-operation defined for homogeneous elements by
∗(a ⊗ b) = (−1)[a][b]a∗ ⊗ b∗,
and for other elements by extending this formula anti-linearly.
A Hopf superalgebra (H,Δ, ,S) is called a Hopf ∗-superalgebra if the underlying algebra
of H is a ∗-superalgebra such that Δ and  are ∗-homomorphisms, i.e., ∗ ◦ Δ = Δ ◦ ∗ and
 ◦ ∗ = ∗ ◦ .
The quantum general linear superalgebra Uq(glm|n) admits various Hopf ∗-superalgebra
structures. Recall from [16] the following Hopf ∗-structure
(Ea,a±1)∗ = Ea±1,a,
(
K
± 12
b
)∗ = K± 12b , ∀a ∈ I′, b ∈ I, (2.12)
and denote Uq(glm|n) equipped with this Hopf ∗-structure by Uq(u(m|n)).
Fix a p such that 1 p m, and let h = m − p. It can be easily shown that Uq(glm|n) also
admits the following Hopf ∗-structure (a ∈ I′, b ∈ I)
(Ea,a±1)∗ = (−1)δapEa±1,a,
(
K
± 12
b
)∗ = K± 12b . (2.13)
When equipped with this Hopf ∗-structure, the quantum general linear superalgebra will be de-
noted by Uq(u(p,h|n)).
When p = m, we obtain from (2.13) another Hopf ∗-structure [16] for Uq(glm|n):
(Ea,a±1)∗ = (−1)δmaEa±1,a,
(
K
± 12
b
)∗ = K± 12b . (2.14)
Remark 2.5. We shall loosely refer to Uq(u(m|n)) (respectively Uq(u(p,h|n))) as a compact
(respectively noncompact) “real form” of Uq(glm|n) by an abuse of terminology.
3. Finite-dimensional unitary representations
3.1. Realisation of Uq(u(m|n))
Let Uq(gld) be the quantum general linear algebra generated by (Kβ)±
1
2 , Eα,α+1, Eα+1,α
(α,α + 1, β ∈ {1,2, . . . , d}) with the standard relations. Denote by Uq(u(d)) this algebra with a
Hopf ∗-algebra structure analogous to (2.12). Let Wq = Wd(m|n).q
Y. Wu, R.B. Zhang / Journal of Algebra 321 (2009) 3568–3593 3575Lemma 3.1.
(1) There exists a ∗-superalgebra homomorphism η from the quantum superalgebra Uq(u(m|n))
to Wq defined by
η(Ea,a+1) =
d∑
s=1
(
Π<sa
)−1Zsa∇sa+1Π>sa ,
η(Ea+1,a) =
d∑
s=1
(
Π<sa
)−1Zsa+1∇saΠ>sa ,
η
(
K
± 12
b
)= d∏
α=1
q
± 12 Nαb
b , a ∈ I′, b ∈ I, where
Π<sa =
s−1∏
β=1
q
1
2 N
β
a
a q
− 12 Nβa+1
a+1 , Π
>s
a =
d∏
β=s+1
q
1
2 N
β
a
a q
− 12 Nβa+1
a+1 . (3.1)
(2) There exists a ∗-algebra homomorphism ζ : Uq(u(d)) → Wq defined by
ζ
(
Eα,α+1
)= m+n∑
t=1
(
Πα<t
)−1Zαt ∇α+1t Πα>t ,
ζ
(
Eα+1,α
)= m+n∑
t=1
(
Πα<t
)−1Zα+1t ∇αt Πα>t ,
ζ
((
Kβ
)± 12 )= m+n∏
k=1
q±
1
2 N
β
k , where
Πα<t =
t−1∏
k=1
q
1
2 (N
α
k −Nα+1k ), Πα>t =
m+n∏
=t+1
q
1
2 (N
α
 −Nα+1 ). (3.2)
(3) The Fock space Fdm|n forms a unitary module for Uq(u(m|n)) and also for Uq(u(d)) with
respect to the positive definite Hermitian form (2.11).
Proof. Let η1 denote the map η for d = 1. It is relatively easy to show by direct computations
that η1 is indeed a superalgebra map from Uq(u(m|n)) to W1q (m|n). Identifying Wdq (m|n) with
(W1q (m|n))⊗d as superalgebras, we have η = (η1)⊗dΔ(d−1). From the formulae (3.1) we can
see that for all a < m + n and b  m + n, we have (η(Ea,a+1))∗ = η(Ea+1,a), (η(K±
1
2
a ))
∗ =
η(K
± 12
a ), thus η is a ∗-superalgebra homomorphism.
To prove part (2), we denote the map (3.2) by ζ 1|0 if m = 1 and n = 0, and by ζ 0|1 if
m = 0 and n = 1. One can easily show that these maps are indeed superalgebra homomor-
phisms as claimed by part (2) of the lemma. Using the superalgebra isomorphism Wdq (m|n) ∼=
(Wd(1|0))⊗m ⊗ (Wd(0|1))⊗n, we have ζ = ((ζ 1|0)⊗m ⊗ (ζ 0|1)⊗n)Δ(m+n−1), where Δ(m+n−1)q q
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is a ∗-superalgebra homomorphism.
Now part (3) follows from part (1) and part (2). 
Proposition 3.2. The actions of η(Uq(u(m|n))) and of ζ(Uq(u(d))) on the Fock space commute.
Proof. We shall show by direct calculations that the elements η(Ea,a+1), η(Ea+1,a), η(K
± 12
b )
(a ∈ I′, b ∈ I) commute with ζ(Eα,α+1), ζ(Eα+1,α), ζ((Kβ)± 12 ) (α < d , β  d). Consider for
instance the commutator [η(Em,m+1), ζ(Eα,α+1)]. Set
As = (Π<sm )−1Zsm∇sm+1Π>sm , Bt = (Πα<t)−1Zαt ∇α+1t Πα>t ,
qN(s,t) = Π<sm Π>sm Πα<tΠα>t .
Then η(Em,m+1) =∑ds=1 As and ζ(Eα,α+1) =∑m+nt=1 Bt . Direct computations can show that[As,Bt ] = 0 if t = m,m + 1; or s = α,α + 1; or t = m + 1, s = α + 1; or t = m,s = α. Thus
[η(Em,m+1), ζ(Eα,α+1)] = [Aα,Bm+1] + [Aα+1,Bm]. Now
[
Aα,Bm+1
]= q− 12 Zαm∇α+1m+1qN(α,m+1),[
Aα+1,Bm
]= −q 12 Zαm∇α+1m+1qNα+1m qN(α+1,m).
Note that qN(α,m+1) = qN(α+1,m)qNα+1m qNα+1m+1 and ∇α+1m+1 = q−1∇α+1m+1qN
α+1
m+1, where the second
relation holds because Zαm+1 is Grassmannian. Thus [Aα,Bm+1]+ [Aα+1,Bm] = 0. The vanish-
ing of the other commutators can be proved in much the same way. 
3.2. Unitary representations of Uq(u(m|n))
For any r × r matrix A = (aij ) with matrix entries possibly involving Grassmann variables,
we define its quantum determinant by detqA =∑σ∈Sr (−q)−(σ )aσ(1)1 aσ(2)2 · · ·aσ(r)r , where (σ )
is the length of σ in the symmetric group Sr of degree r . For 1 r min(d,m), we define
Δr := detq
⎛⎜⎜⎜⎝
Z11 Z12 · · · Z1r
Z21 Z22 · · · Z2r
...
...
...
...
r r r
⎞⎟⎟⎟⎠ . (3.3)
Z1 Z2 · · · Zr
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Δk,r :== detq
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Z11 Z21 · · · Zr1
Z12 Z22 · · · Zr2
...
...
...
...
Z1m Z2m · · · Zrm
Z1m+k Z2m+k · · · Zrm+k
Z1m+k Z2m+k · · · Zrm+k
...
...
...
...
Z1m+k Z2m+k · · · Zrm+k
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, k = 1, . . . , n, (3.4)
where the last r − m rows are filled with the same vector (Z1m+k, . . . ,Zrm+k) of Grassmann
variables.
Observe that both Δr and Δk,r are weight vectors of Uq(u(m|n)) and Uq(u(d)). Their
Uq(u(d))-weights are respectively
wtd(Δr) = (1, . . . , 1︸︷︷︸
r
,0, . . . ,0),
wtd(Δk,r ) = (1, . . . , 1︸︷︷︸
r
,0, . . . ,0), (3.5)
while the Uq(u(m|n))-weights are respectively
wtd(Δr) = (1, . . . , 1︸︷︷︸
r
,0, . . . ,0),
wtd(Δk,r ) = (1, . . . , 1︸︷︷︸
m
,0, . . . ,0, r −m︸ ︷︷ ︸
m+k
,0 . . . ,0). (3.6)
Corresponding to each partition λ of length d satisfying the condition λm+1  n, we define
Δλ :=
{
Δλ′1Δλ′2 · · ·Δλ′λ1 , if λ
′
1 m,∏λm+1
k=1 Δk,λ′k
∏λ1
j=1+λm+1 Δλ′j , if λ
′
1 >m.
Proposition 3.3.
(1) Δλ is a highest weight vector of Uq(u(d)).
(2) Δr is a highest weight vector of Uq(u(m|n)). Furthermore, Δλ is a highest weight vector of
Uq(u(m|n)) if d m.
Proof. (a) First we want to prove that Δk,r is a highest weight vector of Uq(u(d)), i.e.,
Eα,α+1(Δk,r ) = 0 for all α = 1, . . . , d − 1. By definition,
Δk,r =
∑
(−q)−(σ )Zσ(1)1 · · ·Zσ(m)m Zσ(m+1)m+k · · ·Zσ(r)m+k.
σ∈Sr
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is the alternating group, and
Δ(σ,α) = (−q)−(σ )Zσ(1)1 · · ·Zσ(m)m Zσ(m+1)m+k · · ·Zσ(r)m+k
+ (−q)−(τ)Zτ(1)1 · · ·Zτ(m)m Zτ(m+1)m+k · · ·Zτ(r)m+k
with τ := (α,α + 1)σ .
Consider a given σ ∈ Ar , and suppose that σ(t) = α + 1 and σ(s) = α. If s < t , then (τ) =
(σ ) + 1. By using (3.2), we obtain Eα,α+1(Δ(σ,α)) = 0. If s > t , then (τ) = (σ ) − 1. We
have Eα,α+1(Δ(σ)) = 0. Thus Eα,α+1(Δk,r ) = 0 for all α = 1, . . . , d. Similarly one can prove
that Δr is also a highest weight vector of Uq(u(d)). Therefore, Δλ is a highest weight vector
of Uq(u(d)).
(b) To prove that Ea,a+1(Δr) = 0, one needs to consider the pairs (σ , τ ) where σ ∈ Ar , and
τ = σ(a, a + 1). The rest of the proof is much the same as part (a). This way we show that each
Δr is a Uq(u(m|n)) highest weight vector.
(c) In the case d m, λ′1 m, Δλ is a product of the polynomials Δr . It follows from part (b)
that Δλ is a Uq(u(m|n)) highest weight vector. 
It follows from Proposition 3.2 that if d m, then Fdm|n decomposes into
Fdm|n ∼=
⊕
λ
U
m|n
λ ⊗Ldλ, (3.7)
as a Uq(u(m|n)) ⊗ Uq(u(d))-module, where the sum is over all the partitions λ of length d .
Here Um|nλ is a Uq(u(m|n))-module, which must contain a submodule Lm|nλ˜ generated by the
highest weight vector Δλ by Proposition 3.3(2), where λ˜ = (λ1, . . . , λd,0, . . . ,0).
Recall the N-gradings of Fdm|n and Vdm|n described by (2.10) and (2.8). Using a basis of Vdm|n
in ordered monomials of the elements tab , one can show that dim(Vdm|n)k = dim(Fdm|n)k for all
k ∈ N. Now
dim
(Fdm|n)k =∑dimUm|nλ dimLdλ, by Eq. (3.7),
dim
(Vdm|n)k =∑dimLm|nλ˜ dimLdλ, by Theorem 2.2,
where the sums are over all λ = (λ1, . . . , λd) ∈ P(d) such that |λ| = ∑di=1 λi is equal to k.
Since dimUm|nλ  dimL
m|n
λ˜
, we must have dimUm|nλ = dimLm|nλ˜ , and hence U
m|n
λ = Lm|nλ˜ , for
all λ ∈ P(d). Thus we have proved the following result.
Proposition 3.4. For d  m, under the Uq(u(m|n)) ⊗ Uq(u(d))-action defined by Lemma 3.1,
Fdm|n decomposes in a multiplicity free manner into
Fdm|n ∼=
⊕
λ∈P(d)
L
m|n
λ˜
⊗Ldλ, where λ˜ = (λ1, . . . , λd,0, . . . ,0). (3.8)
We also have the following more general result.
Y. Wu, R.B. Zhang / Journal of Algebra 321 (2009) 3568–3593 3579Theorem 3.5. Under the Uq(u(m|n)) ⊗ Uq(u(d))-action defined in Lemma 3.1, Fdm|n decom-
poses in a multiplicity free manner into
Fdm|n ∼=
⊕
λ∈P(d)m|n
L
m|n
λ
⊗Ldλ. (3.9)
Furthermore, the algebras η(Uq(u(m|n))) and ζ(Uq(u(d))) are mutual centralisers in
EndC(Fdm|n).
Proof. Consider Proposition 3.4 with the m there replaced by M > d . Truncate FdM|n to a
Uq(u(m|n))⊗ Uq(u(d))-module
(FdM|n)η(Υm) =⊕
λ
(
L
M|n
λ˜
)η(Υm) ⊗Ldλ,
where Υm is defined in Lemma A.2. Since Fdm|n = (FdM|n)η(Υm), by using Lemma A.2(2) we
obtain the decomposition (3.9). This also implies the second claim. 
Remark 3.6. Evidently the multiplicity of Lm|n
λ
in Fdm|n is equal to dimLdλ .
Corollary 3.7. Δλ is a highest weight vector of Uq(u(m|n)) with weight λ.
Proof. Since Δλ is a Uq(u(d)) highest weight vector with weigh λ, which also has a Uq(u(m|n))
weight λ, the claim follows from Theorem 3.5 and the fact that the space of Uq(u(m|n)) ⊗
Uq(u(d)) highest weight vectors in Lm|nλ ⊗Ldλ is 1-dimensional. 
4. Infinite-dimensional unitary representations
4.1. Realisation of Uq(u(p,h|n))
We have the following realisations of Uq(u(d)) and the noncompact real form of the quantum
general linear superalgebra in Wq = Wdq (m|n).
Proposition 4.1.
(1) If 1  p  m, we set h = m − p. There exists a ∗-superalgebra homomorphism ηω :
Uq(u(p,h|n)) → Wq defined by
ηω(Er,r+1) = −
d∑
s=1
(K<sr )−1∇sr Zsr+1K>sr , r < p,
ηω(Er+1,r ) = −
d∑(K<sr )−1∇sr+1Zsr K>sr , r < p,
s=1
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d∑
s=1
(K<sp )−1∇sp∇sp+1K>sp ,
ηω(Ep+1,p) =
d∑
s=1
(K<sp )−1Zsp+1ZspK>sp ,
ηω(Er,r+1) =
d∑
s=1
K<sr Zsr ∇sr+1
(K>sr )−1, r > p,
ηω(Er+1,r ) =
d∑
s=1
K<sr Zsr+1∇sr
(K>sr )−1, r > p,
ηω
(
K
± 12
a
)= d∏
i=1
q
± 12 (−1−Nia)
a , a  p,
ηω
(
K
± 12
a
)= d∏
i=1
q
± 12 Nia
a , a > p, (4.1)
where
K<sr =
s−1∏
i=1
q
1
2 (−[r]Nir+[r+1]Nir+1), K>sr =
d∏
j=s+1
q
1
2 (−[r]Njr +[r+1]Njr+1), r = p,
K<sp =
s−1∏
i=1
q
1
2 (−1−Nip−[p+1]Nip+1), K>sp =
d∏
j=s+1
q
1
2 (−1−Njp−[p+1]Njp+1).
(2) There exists a ∗-superalgebra map ζω : Uq(u(d)) → Wq defined by
ζω
(
Eα,α+1
)= − p∑
t=1
Kα1,t−1∇αt Zα+1t
(Kαt+1,p)−1Kαp+1,m+n
+
m+n∑
t=p+1
Kα1,p
(Kαp+1,t−1)−1∇α+1t Zαt Kαt+1,m+n,
ζω
(
Eα+1,α
)= − p∑
t=1
Kα1,t−1∇α+1t Zαt
(Kαt+1,p)−1Kαp+1,m+n
+
m+n∑
t=p+1
Kα1,p
(Kαp+1,t−1)−1∇αt Zα+1t Kαt+1,m+n,
ζω
((
Kβ
)± 12 )= p∏
k=1
q±
1
2 (−1−Nβk )
m+n∏
k′=p+1
q
± 12 Nβk′ , (4.2)
where Kα =∏t q 12 (Nαk −Nα+1k ), s  t.s,t k=s
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(4) The Uq(u(d)) action on Fdm|n is locally finite.
Proof. Applying the superalgebra automorphism ω of Wq defined in Lemma 2.3 to (3.1)
and (3.2), we obtain parts (1) and (2) of the proposition, which also imply part (3). In part (4),
local finiteness means that for any v ∈ Fdm|n, ζω(Uq(u(d)))v is finite-dimensional. The claim of
part (4) follows from the fact that as a Uq(u(d))-module, Fdm|n ∼= Fdp ⊗ Fdh|n with both Fdp and
Fdh|n being direct sums of finite-dimensional submodules for Uq(u(d)). 
4.2. Locally finite subalgebra of quantum oscillator superalgebra
The realisations of Uq(gld) and Uq(glm|n) given in Lemma 3.1 enable us to introduce natural
actions of these quantum groups on Wq . For any f ∈ Wq , define
Ad(x)(f ) =
∑
(x)
ζ(x(1))f ζ
(
S(x(2))
)
, x ∈ Uq(gld);
Ad(u)(f ) =
∑
(u)
η(u(1))f η
(
S(u(2))
)
, u ∈ Uq(glm|n). (4.3)
These define actions of Uq(gld) and Uq(glm|n) on Wq , which preserve the multiplication of
the latter and will be referred to as adjoint actions. Here Ad is used for both actions to avoid
introducing further notations. For k = 2, . . . , d and  = 2, . . . ,m+ n, set
Z˜11 = Z11q
1
2 N
1
1 , ∇˜11 = ∇11q
1
2 N
1
1 ,
Z˜k1 = Zk1q
1
2 (N
1
1 +Nk1 )+N11 +···+Nk−11 , ∇˜k1 = ∇k1q
1
2 (N
1
1 +Nk1 )+N11 +···+Nk−11 ,
Z˜1 = Z1 q
1
2 (N
1
1 +N1 )+N11 +···+N1−1 , ∇˜1 = ∇1 q
1
2 (N
1
1 +N1 )+N11 +···+N1−1 ,
Z˜k = Ad(E,−1) · · ·Ad(E2,1)Z˜k1 ,
∇˜k = Ad(E−1,) · · ·Ad(E1,2)∇˜k1 . (4.4)
We have the following result.
Lemma 4.2. For all k = 1, . . . , d,  = 1, . . . ,m+ n,
Ad
(
Eα,α+1
)Z˜k = δα+1,kZ˜α , Ad(Eα+1,α)Z˜k = δαk ˜Zα+1 ,
Ad
(
Eα,α+1
)∇˜k = −qδαk∇˜α , Ad(Eα+1,α)∇˜k = −q−1δα+1,k ˜∇α+1 . (4.5)
Proof. For  = 1, we can verify the relations by straightforward computations. (In fact Z˜k1 were
constructed to satisfy these relations.) The rest of the lemma follows from the  = 1 case by
noting that the adjoint actions of Uq(gld) and Uq(glm|n) on Wq commute as implied by Propo-
sition 3.2. 
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i=1
∏d
α=1 qN
α
i , which belongs to both η(Uq(glm|n)) and ζ(Uq(gld)). Then
R′ =
⊕
k∈Z
R′k, where R′k =
{
r ∈ R′ ∣∣ErE−1 = qkr}.
Lemma 4.3.
(1) Ad(Uq(gld))R′k ⊂ R′k, k ∈ Z.
(2) R′ is locally Ad(Uq(gld))-finite in the sense that Ad(Uq(gld))v is finite-dimensional for any
v ∈ R′.
Proof. Since the adjoint action of Uq(gld) on Wq preserves the multiplication of Wq , it fol-
lows (4.5) that Ad(Uq(gld))R′k ⊂ R′. Also, E is central in ζ(Uq(gld)), thus the first claim
follows. The second claim immediately follows from (4.5). 
Proposition 4.4. R′ acts irreducibly on Fdm|n.
Proof. We need more detailed information on Z˜k and ∇˜k for k,  > 1. Note that they are sym-
bolically of the form
Z˜k = Zk qN1 +
∑
Zk2t2 ∇j1t1 Zk1t1 qN2 + · · ·
+
∑
Zjt · · ·∇j2t2 Zk2t2 ∇j1t1 Zk1t1 qN,
∇˜k = ∇k qN1 +
∑
∇k2t2 Zj1t1 ∇k1t1 qN2 + · · ·
+
∑
∇jt · · ·Zj2t2 ∇k2t2 Zj1t1 ∇k1t1 qN, (4.6)
where qNi are products of elements q± 12 Nbα . The terms with Σ signs represent linear combina-
tions of elements of the forms indicated, where the indices of the elements satisfy the following
conditions:
· · · > t2 > t1, and · · · j2 < k2  j1 < k1  k.
As we shall see below, the ordering of the factors in each term is going to be important, even
though the precise form of Z˜k and ∇˜k will not matter.
Now let W be a nonzero R′ submodule of Fdm|n. Given any nonzero v ∈ W , by applying to it
the operator
(∇˜dm+n)kdm+n · · · (∇˜1m+n)k1m+n · · · (∇˜d2 )kd2 · · · (∇˜12)k12 (∇˜d1 )kd1 · · · (∇˜11)k11
with suitable k11, . . . , k
d
m+n ∈ Z+, one obtains the constant polynomial. Thus we can suppose
1 ∈ W . Then Zk = Z˜k · 1 ∈ W . Recall the N-grading of Fm|n. We have just shown that (Fm|n)0
and (Fm|n)1 are contained in W . Now suppose that (Fm|n)k ⊂ W . Apply Z˜ i1 to Z i2 · · ·Z ik+1j1 j2 jk+1
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higher order terms in Z˜ i1j1 will not have any contribution, and we obtain Z
i1
j1
· · ·Z ik+1jk+1 ∈ W up to
a power in q . Such monomials span (Fm|n)k+1, thus proving the proposition. 
It follows from Proposition 4.1 that there also exist the following actions of Uq(gld) and
Uq(glm|n) on Wq defined, for any f ∈ Wq , by
Adω(x)(f ) =
∑
(x)
ζω(x(1))f ζω
(
S(x(2))
)
, x ∈ Uq(gld),
Adω(u)(f ) =
∑
(u)
(−1)[f ][u(2)]ηω(u(1))f ηω
(
S(u(2))
)
, u ∈ Uq(glm|n). (4.7)
Definition 4.5. Define R = Wfinq := {r ∈ Wq | dim Adω(Uq(gld))r < ∞}, and call it the locally
finite part of Wq .
Proposition 4.6. R acts irreducibly on Fdm|n.
Proof. Set Ẑk = ω(Z˜k ), ∇̂k = ω(∇˜k ). Let R′′ be the subalgebra of Wq generated by all the
elements Ẑk , ∇̂k and also E. Then ω(R′) ⊂ R′′. The proof of Proposition 4.4 can be adapted
here to show that R′′ acts irreducibly on Fdm|n. Clearly Ẑk , ∇̂k , E ∈ R, thus R′′ ⊂ R. Therefore,
R acts irreducibly on Fdm|n. 
We may decompose R into eigenspaces of E:
R =
⊕
k∈Z
Rk, Rk =
{
r ∈ R ∣∣ErE−1 = qkr}.
Since E commutes with ζω(Uq(gld)), we have Adω(Uq(gld))Rk ⊂ Rk . Let
(R)ζω(Uq (u(d))) = {r ∈ R ∣∣ Adω(x)(r) = (x)r, ∀x ∈ Uq(u(d))}, (4.8)
which in fact is equal to the commutant of ζω(Uq(u(d))) in R. Now clearly (R)ζω(Uq (u(d)))
contains E and ηω(Uq(u(p,h|n))). We have the following result.
Theorem 4.7. ηω(Uq(u(p,h|n))) = (R)ζω(Uq (u(d))).
Proof. It follows from Theorem 3.5 that η(Uq(u(m|n))) ⊃ (Wq)ζ(Uq (u(d))). Thus
ηω
(
Uq
(
u(p,h|n)))= ω(η(Uq(glm|n)))⊃ ω((Wq)ζ(Uq (u(d)))).
Note that ω(Ad(x)r) = Adω(x)(ω(r)) for any x ∈ Uq(u(d)) and r ∈ Wq . Thus
ω
(
(Wq)ζ(Uq (u(d)))
)= (Wq)ζω(Uq (u(d))).
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(R)ζω(Uq (u(d))) contains ηω(Uq(u(p,h|n))), thus the proof is completed. 
4.3. Multiplicity free Uq(u(p,h|n))⊗ Uq(u(d))-action on Fock space
Let Ldλ denote the irreducible Uq(u(d))-module with highest weight λ. Set Λ = {λ |
Homζω(Uq (u(d)))(Ldλ,Fdm|n) = 0}.
Theorem 4.8. There exist irreducible ηω(Uq(u(p,h|n)))-modules V λ for λ ∈ Λ, which are non-
isomorphic for different λ, such that
Fdm|n ∼=
⊕
λ∈Λ
V λ ⊗Ldλ (4.9)
as ηω(Uq(u(p,h|n)))⊗ ζω(Uq(u(d)))-module.
Proof. By Theorem 4.7 we may replace ηω(Uq(u(p,h|n))) by (R)ζω(Uq (u(d))) in the theorem.
The action of ζω(Uq(u(d))) on Fdm|n is locally finite by Proposition 4.1(4), and so is also the
adjoint action of ζω(Uq(u(d))) on R. Given these facts, we can adapt verbatim the proof for [4,
Theorem 4.5.12] to prove the claim here. We refer to [4] for details. 
The modules V λ will be determined in Section 4.4. Here we consider special cases of the
theorem.
4.3.1. Special case with h = n = 0
The relevant quantum oscillator algebra is Wdq (p|0) with the corresponding Fock space Fdp|0.
We shall denote them by Wdq (p) and Fdp respectively. The algebra Uq(u(p)) is realised in Wdq (p)
by
ηω(Er,r+1) = −
d∑
s=1
(K<sr )−1∇sr Zsr+1K>sr , r < p,
ηω(Er+1,r ) = −
d∑
s=1
(K<sr )−1∇sr+1Zsr K>sr , r < p,
ηω
(
K
± 12
a
)= d∏
i=1
q
± 12 (−1−Nia)
a , a  p, (4.10)
where K<sr and K>sr are as defined in Proposition 4.1. Similarly the algebra Uq(u(d)) is realised
in Wd(p) byq
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(
Eα,α+1
)= − p∑
t=1
Kα1,t−1∇αt Zα+1t
(Kαt+1,p)−1Kαp+1,m+n,
ζpω
(
Eα+1,α
)= − p∑
t=1
Kα1,t−1∇α+1t Zαt
(Kαt+1,p)−1Kαp+1,m+n,
ζpω
((
Kβ
)± 12 )= p∏
k=1
q±
1
2 (−1−Nβk ), (4.11)
where Kαs,t is defined in Proposition 4.1.
For 1 r min(d,p), we define the following quantum determinant of an r × r matrix:
Δ∗r := detq
⎛⎜⎜⎜⎝
Zdp Zdp−1 · · · Zdp−r+1
Zd−1p Zd−1p−1 · · · Zd−1p−r+1
...
...
...
...
Zd−r+1p Zrp−1 · · · Zd−r+1p−r+1
⎞⎟⎟⎟⎠ . (4.12)
It is clear that Δ∗r is a (Uq(u(p)) ⊗ Uq(u(d))) highest weight vector in the usual sense. Its
Uq(u(p))-weight wtp(Δ∗r ) and Uq(u(d))-weight wtd(Δ∗r ) are respectively given by
wtp
(
Δ∗r
)= (−d, . . . ,−d,−d − 1︸ ︷︷ ︸
d+1−r
, . . . ,−d − 1),
wtd
(
Δ∗r
)= (−p, . . . ,−p,−p − 1︸ ︷︷ ︸
d+1−r
, . . . ,−p − 1).
Call an element λ = (λ1, . . . , λd) of Zd a generalised partition if it is dominant in the sense
that λi − λi+1  0 for all i. Define λ∗ := (−λd,−λd−1, . . . ,−λ1). Let λ = (λ1, . . . , λd) be a
generalised partition of nonpositive integers subject to the condition λd−p = 0. Then μ := λ∗
is a partition satisfying the condition μp+1 = 0. Let μ′ denote the transpose of the partition μ.
Define Δ∗λ :=
∏μ1
=1 Δ∗μ′ .
Similar to the proof of Proposition 3.3, we can prove the following result.
Lemma 4.9. Let λ = (λ1, . . . , λd) be a generalised partition of nonpositive integers subject to the
condition λd−p = 0. Then Δ∗λ is a nonzero highest weight vector in Fdp with respect to the joint
action of Uq(u(p)) and Uq(u(d)) defined by (4.10) and (4.11) respectively. The Uq(u(d))-weight
(respectively Uq(u(p))-weight) of Δ∗λ is −p1 + λ (respectively −d1 + λ), where 1 = (1, . . . ,1).
Remark 4.10. The λ in −d1 + λ is given by λ = (λd−p+1, . . . , λd−1, λd) if p  d , and by
λ = (0, . . . ,0, λ1, . . . , λd−1, λd) if p > d .
Remark 4.11. A generalised partition λ of length d automatically satisfies the condition
λd−p  0 if p  d .
Combining Lemma 4.9 with Theorem 4.8, we arrive at the following result.
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space Fdp decomposes in a multiplicity free manner into
Fdp ∼=
⊕
λ
L
p
−d1+λ ⊗Ld−p1+λ, (4.13)
where the sum is over all the generalised partitions λ of length d of nonpositive integers, which
satisfy the condition λd−p = 0 in case d > p. The space of highest weight vectors in Lp−d1+λ ⊗
Ld−p1+λ is given by CΔ
∗
λ.
Proof. Denote the right-hand side of (4.13) by W . In view of Theorem 4.8, we only need to
show that the irreducible Uq(u(p)) ⊗ Uq(u(d))-submodules in W exhaust all the irreducible
submodules of Fdp . Consider the subspace Wk =
⊕
|λ|=k L
p
−d1+λ ⊗ Ld−p1+λ of W , where |λ| =∑ |λi |. It is contained in the degree k-subspace (Fdp)k of Fdp . Since the dimension of Lp−d1+λ ⊗
Ld−p1+λ is equal to that of L
p
λ∗ ⊗ Ldλ∗ , dimWk = dim(Fdp)k by the m = p and n = 0 case of
Theorem 3.5. Thus Wk = (Fdp)k and this completes the proof. 
4.3.2. Special case with p = 0
We identify Wdq (h|n) with the subalgebra of Wdq (p + h|n) generated by Zαa , ∇αa and q±
1
2 N
α
a
with a > p, α = 1,2, . . . , d . Then the Fock space Fdh|n is equal to the subspace of Fdp+h|n consist-
ing of polynomials only in the variables Zαa with a > p, α = 1,2, . . . , d . We realise the algebras
Uq(glh|n) and Uq(gld) in this Wdq (h|n), and denote the realisations by η and ζ h|n respectively.
For 1 r min(d,h), we define
Δ
p
r := detq
⎛⎜⎜⎜⎝
Z1p+1 Z1p+2 · · · Z1p+r
Z2p+1 Z2p+2 · · · Z2p+r
...
...
...
...
Zrp+1 Zrp+2 · · · Zrp+r
⎞⎟⎟⎟⎠ . (4.14)
If d > h, we consider the following quantum determinant of an r× r matrix for every r satisfying
h < r  d :
Δ
p
k,r := detq
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Z1p+1 Z2p+1 · · · Zrp+1
Z1p+2 Z2p+2 · · · Zrp+2
...
...
...
...
Z1m Z2m · · · Zrm
Z1m+k Z2m+k · · · Zrm+k
...
...
...
...
Z1m+k Z2m+k · · · Zrm+k
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, k = 1, . . . , n. (4.15)
Corresponding to each partition λ of length d satisfying λh+1  n, we define
Δ
p
λ :=
⎧⎨⎩
Δ
p
λ′1
Δ
p
λ′2
· · ·Δp
λ′λ1
, if λ′1  h,∏λm+1
k=1 Δ
p
k,λ′k
∏λ1
j=1+λm+1 Δ
p
λ′j
, if λ′1 > h.
It follows from Proposition 3.3 that we have the following result.
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of the Uq(glh|n)⊗ Uq(gld) highest weight vectors in Fdh|n.
4.3.3. A Uq(glp)⊗ Uq(glh|n)⊗ Uq(gld)-action on Fdp+h|n
We identify Fdm|n with Fdp ⊗ Fdh|n, then Fdm|n admits a natural action of
U := ηω
(
Uq(glp)
)⊗ ζpω (Uq(gld))⊗ η(Uq(glh|n))⊗ ζ h|n(Uq(gld))
following Sections 4.3.1 and 4.3.2. The following result is evident.
Lemma 4.14.
(1) The U -action on Fdm|n is multiplicity free, and all the irreducible submodules of Fdm|n arefinite-dimensional.
(2) The Fock space Fdm|n acquires a Uq(glp) ⊗ Uq(glh|n) ⊗ Uq(gld)-module structure through
the following action of the algebra:
ηω
(
Uq(glp)
)⊗ η(Uq(glh|n))⊗ (ζpω ⊗ ζ h|n)Δ(Uq(gld)).
For ζω defined by (4.2), we have
ζω(x) =
(
ζpω ⊗ ζ h|n
)
Δ(x), ∀x ∈ Uq(gld). (4.16)
4.4. Unitary highest weight representations of Uq(u(p,h|n))
We now determine the irreducible Uq(u(p,h|n))-modules V λ in Theorem 4.8. A gener-
alised partition λ = (λ1, . . . , λd) can be uniquely expressed [2] as λ = λ+ + λ− with λ+ =
(max{λ1,0}, . . . ,max{λd,0}), λ− = (min{λ1,0}, . . . ,min{λd,0}). Let (λ−)∗ = −w0(λ−) with
w0 being the longest element in the Weyl group of gld . Then both λ+ and (λ−)∗ are partitions.
Denote by ht(λ+) and ht((λ−)∗) their depths, i.e., the respective numbers of positive compo-
nents. Then
ht
(
λ+
)+ ht(λ−)∗  d. (4.17)
Now λ satisfies the conditions λm+1  n and λd−p  0 if and only if λ+m+1  n and (λ−)∗p+1 = 0.
In this case, we define
λ := Δ∗λ−Δpλ+ . (4.18)
For any pair of tuples ν = (ν1, . . . , νp) and μ = (μp+1, . . . ,μm+n), we let
(ν;μ) := (ν1, . . . , νp,μp+1, . . . ,μm+n).
Lemma 4.15. If the generalised partition λ = (λ1, . . . , λd) satisfies the conditions λm+1  n
and λd−p  0, then λ is a nonzero highest weight vector under the action of Uq(u(p,h|n)) ⊗
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given by
Λ(λ) := (−d1 + λ−; (λ+)), (4.19)
where (λ+) is defined by Eq. (2.3) with m replaced by h.
Proof. The proof for [2, Lemma 3.2] can be adapted in a straightforward manner to prove
the lemma. We only need to show that ηω(Ep,p+1) annihilates λ in order to prove that λ
is a Uq(u(p,h|n)) ⊗ Uq(u(d)) highest weight vector. If Ep,p+1λ = 0, then there must ex-
ist at least one integer i such that Z ipZ ip+1 appears in λ. By examining its explicit form,
we can see that λ does not involve any of the variables Zkp+1 (d  k > ht(λ+)) and
Zp (1  < d + 1 − ht(λ−)∗). Therefore in order for Z ipZ ip+1 to appear in λ, the inte-
ger i must satisfy d + 1 − ht((λ−)∗)  i  ht(λ+). But it is impossible since (4.17) requires
ht(λ+)+ ht((λ−)∗) d. Therefore, Ep,p+1λ = 0 and thus λ is a Uq(u(p,h|n))⊗ Uq(u(d))
highest weight vector.
The Uq(u(d))-weight of λ is obviously λ. From Lemma 4.9 we easily see that the
Uq(u(p,h|n))-weight of λ is indeed (−d1 + λ−; (λ+)). 
The proof of the following fact is similar to that of [2, Lemma 3.1].
Lemma 4.16. The irreducible Uq(u(p,h|n)) ⊗ Uq(u(d))-submodules of Fdm|n are all of highest
weight type.
Proof. Consider the subalgebra of Uq(u(p,h|n)) spanned by 1 and all possible products of
Ea,a+1 a ∈ I′. It has a two-sided ideal Np,h|n generated by Ep,p+1. Let H , the harmonic sub-
space, be the largest subspace of Fdm|n that is annihilated by every element of ηω(Np,h|n).
Then H is a module for the subalgebra Uq(k) := Uq(u(p)) ⊗ Uq(u(h|n)) ⊗ Uq(u(d)) of
Uq(g) := Uq(u(p,h|n))⊗Uq(u(d)). By Lemma 4.14(2) and (4.16), H decomposes into a direct
sum of finite-dimensional irreducible Uq(k)-submodules.
For any irreducible Uq(g)-submodule W of Fdm|n, HW := W ∩H = 0 as the lowest order poly-
nomials of W are all contained in HW . Now any nonzero Uq(k) highest weight vector v+ ∈ HW
is also annihilated by Ep,p+1 ∈ Uq(u(p,h|n)), thus is a Uq(g) highest weight vector. The irre-
ducibility of W implies that the nonzero submodule Uq(g)v+ is equal to W itself. This completes
the proof. 
The following theorem is one of the main results in this paper.
Theorem 4.17. Under the Uq(u(p,h|n)) ⊗ Uq(u(d))-action defined by (4.1) and (4.2), Fdm|n
decomposes in a multiplicity free manner into
Fdm|n ∼=
⊕
λ
L
p+h|n
Λ(λ) ⊗Ldλ, (4.20)
where λ ranges over generalised partitions of length d subject to the conditions
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Furthermore, Cλ is the space of highest weight vectors of Lp+h|nΛ(λ) ⊗Ldλ.
Proof. Every irreducible Uq(u(d))-submodule of Fdm|n is finite-dimensional, thus by The-
orem 4.8 and Lemma 4.16, Fdm|n as a Uq(u(p,h|n)) ⊗ Uq(u(d))-module decomposes into⊕
λ L
p+h|n
M(λ) ⊗ Ldλ for some weights M(λ) depending on λ. Here the sum in λ is over some sub-
set Σ of generalised partitions of length d . By Lemmas 4.15 and 4.16, we only need to show that
every generalised partition λ in Σ satisfies the conditions (4.21) in order to prove the theorem.
Under these conditions, M(λ) = Λ(λ) by Lemma 4.15.
The strategy of the proof is similar to that for [2, Theorem 3.3]. Assume that a generalised
partition μ of length d violates either one or both of the conditions μm+1  n and μd−p  0.
We choose a pair of positive integers p′ and n′ with p′  p and n′  n such that μm+1  n′ and
μd−p′  0. Such pairs always exist. Let k = p′ − p and ν = p′ + h + n in the remainder of this
section. Consider the space Fd
p′+h|n′ of polynomials in the variables Zαa with α = 1, . . . , d and
a = 1, . . . , p′ + h + n′. There is a natural inclusion ι : Fdm|n ↪→ Fdp′+h|n′ , identifying Fdm|n with
the space of polynomials in the variables Zαa with k < a  ν, and α = 1, . . . , d . There is also the
surjection π : Fd
p′+h|n′ → Fdm|n defined by setting Zαa = 0 if a  k or a > ν. Obviously, πι is the
identity map on Fdm|n.
Now we turn to the Uq(glp′+h|n′) ⊗ Uq(gld)-action on Fdp′+h|n′ . We first need to discuss
various subalgebras of Uq(glp′+h|n′). Let S be the set of all the generators of Uq(glp′+h|n′) but
Ea+1,a for a < k or a > ν. Then 〈S〉 consisting of the linear combinations of all possible products
of elements in S is a Hopf subalgebra of Uq(glp′+h|n′), which we shall denote by Uq(p) and refer
to as a parabolic subalgebra. Then Uq(p) contains a Hopf subalgebra Uq(gl1)⊗(p
′−p+n′−n) ⊗
Uq(glh|n), which will be referred to as the Levi factor of Uq(p). Also Uq(glp′+h|n′) contains
the subalgebra 〈Ea,a+1 | 1  a < p′ + h + n′〉. Inside this subalgebra there exists a two-sided
ideal N generated by Ei,i+1 with 1  i  k and Eμ,μ+1 with μ  ν. Similarly the subalgebra
〈Ea+1,a | 1  a < p′ + h + n′〉 also contains a two-sided ideal N generated by Ei+1,i with
1 i  k and Eμ+1,μ with μ ν.
Observe a subtle point here. The maps ι and π are Uq(glp+h|n)-equivariant and also commute
with the actions of the generators Eα,α±1 in Uq(gld), but for Kα ∈ Uq(gld), we have
Kαι(v) = q−kι(Kαv), ∀v ∈ Fdp+h|n, Kαπ(w) = qkπ(Kαw), ∀w ∈ Fdp′+h|n′ .
By tensoring Fdm|n with an appropriate 1-dimensional Uq(gld)-module, we can turn ι and π into
Uq(glp+h|n)⊗ Uq(gld)-maps, and we assume that this is done.
Let W0 be any Uq(glp+h|n) ⊗ Uq(gld)-submodule of Fdm|n. Then ι(W0) is a Uq(p) ⊗
Uq(gld)-submodule of Fdp′+h|n′ with N acting by zero. Thus W = Nι(W0) forms a Uq(gld) ⊗
Uq(glp′+h|n′)-submodule of Fdp′+h|n′ .
Let vμ ∈ Fdm|n be any Uq(glp+h|n) ⊗ Uq(gld) highest weight vector with the Uq(gld)-weight
μ that violates one or both of the conditions (4.21). Then by the above discussion, ι(vμ) is a
Uq(p) ⊗ Uq(gld) highest weight vector in Fdp′+h|n′ , which has the Uq(gld)-weight μ − k1, and
is also annihilated by N. Therefore, ι(vμ) is a Uq(glp′+h|n′) ⊗ Uq(gld) highest weight vector in
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p′+h|n′ . By Theorem 4.8 and Lemma 4.16 (with p replaced by p′ and n by n′), there exists a
unique nonzero μ ∈ Fdp′+h|n′ such that ι(vμ) = cμ for some complex number c.
Every monomial in the polynomial μ contains at least one of the variables Zαr ,Zαs , where
r = 1, . . . , k, s = ν + 1, . . . , p′ + h + n′ and α = 1, . . . , d . This can be seen from the explicit
from (4.18) of λ. Consider first the case with t := μm+1 > n. Then (μ+)′1 > m, and Δp
′
μ+ has
the factor Δp
′
t,(μ+)′t
. From (4.15) we see that Δp′
t,(μ+)′t
is the quantum determinant of a matrix with
a row (Z1
p′+h+t ,Z2p′+h+t , . . . ,Z
(μ+)′t
p′+h+t ) with Grassmann number entries. Now consider the case
with μd−p < 0. Let γ = (μ−)∗, then γp+1 > 0. Thus we must also have u := γ ′1  p + 1. Now
Δ∗
μ− has the factor Δ
∗
u. From (4.12) we see that Δ∗u is the quantum determinant of a matrix with
a column (Zd
p′+1−u,Zdp′+1−u, . . . ,Zdp′+1−u). Note that p′ + 1 − u k.
Now it is obvious that π(μ) = 0, which in turn implies vμ = 0. Therefore, the decompo-
sition of Fdm|n cannot contain an irreducible submodule Lp+h|nM(μ) ⊗ Ldμ if μ violates any of the
conditions μm+1  n and μd−p  0. 
4.5. Comments
When h = 0, the ∗-structure (2.13) reduces to the ∗-structure (2.14) for a compact real form of
Uq(glm|n). Since the weight Λ(λ) given by (4.19) is glm|n-dominant if h = 0, and is nondominant
when h > 0, the irreducible Uq(u(p,h|n))-module Lp+h|nΛ(λ) appearing in Theorem 4.17 is finite-
dimensional if h = 0, and infinite-dimensional for all h > 0. We may also allow p to be zero,
and assume that the ∗-structure (2.13) is that defined by Eq. (2.12). Then Theorem 4.17 covers
Theorem 3.5 as a special case.
When n = 0, Uq(u(p,h|n)) is a noncompact real form of Uq(glm). The classical analogue of
Theorem 4.17 in this case is a well known result [10] for the unitary highest weight represen-
tations of the noncompact unitary group U(p,h). By [8, Theorem 6.2] and [10], Theorem 4.17
in this case exhausts all the irreducible unitary highest weight representations of Uq(glm) at real
positive q .
Appendix A. Proof of Theorem 2.2
Let us make preparations for the proof of Theorem 2.2. Consider the restriction of Lm|nλ
(λ ∈ Λm|n) to a module for Uq(glm|n−1) ⊂ Uq(glm|n). If v is a nonzero highest weight vector
of Lm|nλ , then (L
m|n
λ )0 := Uq(glm|n−1)v forms an irreducible Uq(glm|n−1)-submodule. Denote by
Uq(n−) the subalgebra of Uq(glm|n) generated by the elements Em+n,a for all a  m + n − 1.
Then Lm|nλ = Uq(n−)(Lm|nλ )0. It is easy to see that all weights μ =
∑
μaa of Lm|nλ satisfy
μm+n  λm+n. Let (Lm|nλ )Km+n = {v ∈ Lm|nλ | Km+nv = v}. Then (Lm|nλ )Km+n = Lm|n−1λ if
λm+n = 0 and is zero otherwise. We call (Lm|nλ )Km+n the truncation of Lm|nλ to a Uq(glm|n−1)-
module. By iterating the truncation procedure, we arrive at the following result.
Lemma A.1. Let Ad be the subalgebra of Uq(glm|n) generated by the elements K±1a , a > d . If
λ ∈ Λm|n, then the subspace of Ad invariants in Lm|nλ is given by(
L
m|n
λ
)Ad = {Ldλ, if λd+1 = 0,
0, otherwise,
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Note that for λ ∈ Λm|n, if λd+1 = 0, then λd+i = 0 for all i  1.
Let λ = (λ1, λ2, . . . , λm+n) be the lowest weight of Lm|nλ , and denote Lm|nλ by Γ m|nλ for con-
venience. If v− is a nonzero lowest weight vector of Γ m|n
λ
, then (Γ m|n
λ
)0 = Uq(glm−1|n)v− is an
irreducible Uq(glm−1|n)-submodule if λ ∈ Λm|n, and Γ m|nλ = Uq(n′−)(Γ
m|n
λ
)0, where Uq(n′−) is
the subalgebra of Uq(glm|n) generated by the elements E1a for all a > 1. Therefore every weight
ν = (ν1, ν2, . . . , νm+n) of Γ m|n
λ
satisfies ν1  λ1. As λa  0 for all a ∈ I since λ ∈ Λm|n, we have
(Γ
m|n
λ
)K1 = 0 if λ1 > 0, and (Γ m|n
λ
)K1 = Γ m−1|n
λ(m−1|n)
if λ1 = 0, where Γ m−1|n
λ(m−1|n)
is the irreducible
Uq(glm−1|n)-module with lowest weight λ(m−1|n) given by the k = m− 1 case of
λ(k|n) = (λm−k+1, λm−k+2, . . . , λm+n). (A.1)
We shall refer to (Γ m|n
λ
)K1 as the truncation of Γ m|n
λ
to a Uq(glm−1|n)-module. Iterations of the
truncation procedure lead to the first part of the following lemma.
Lemma A.2. Let Υk denote the subalgebra of Uq(glm|n) generated by K±1a for all a  m − k.
Assume that λ = p for p = (p1,p2, . . .) ∈ Pm|n.
(1) Then
(
Γ
m|n
λ
)Υk = {Γ k|nλ(k|n) , if λm−k = 0,
0, otherwise,
where Γ k|n
λ(k|n)
is the irreducible Uq(glk|n)-module with lowest weight λ(k|n).
(2) If λm−k = 0, the highest weight of Γ k|n
λ(k|n)
is given by
(
p1, . . . , pk;
〈
p′1 − k
〉
, . . . ,
〈
p′n − k
〉)
. (A.2)
Proof. Part (1) is clear but still deserves the comment that for any λ ∈ Λm|n, if λm−k = 0 then
λi = 0 for all i < m− k since λ is anti-dominant.
Now we prove part (2). Since the weights of Γ k|n
λ(k|n)
are the same as those of the corresponding
irreducible glk|n-module with the same highest weight [15], we can use results of [6] to calculate
the highest weight of Γ k|n
λ(k|n)
.
The natural module V of Uq(glm|n) decomposes into the direct sum of the natural module
V (m−k) for Uq(glm−k) and the natural module V (k|n) for Uq(glk|n), where Uq(glk|n) acts on
V (m−k) trivially. Thus Γ k|n
λ(k|n)
is isomorphic to an irreducible Uq(glk|n)-submodule of some tensor
power of V (k|n). By [16, §2.3], the highest weight λ(k|n) of Γ k|n
λ(k|n)
is of the form (A.2) for some
partition in Pk|n. To determine the partition, we use induction on m − k starting from the trivial
case m− k = 0. Now assume that the highest weight λ(k|n) of Γ k|n is given by (A.2).λ(k|n)
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implies p′n  k. Thus
λ(k|n) = (pk − n, . . . ,p1 − n;p′n, . . . , p′1).
Then Γ k−1|n
λ(k−1|n)
= 0 if and only if pk = n, and in this case, it is still typical thus has the low-
est weight λ(k−1|n) = (pk−1 − n, . . . ,p1 − n;p′n, . . . , p′1). The corresponding highest weight is
clearly that claimed by the lemma.
Atypical case. If λ(k|n) is atypical, by [6, Proposition 4] there exists 1 μ n such that (λ(k|n)+
ρk|n, k − δμ) = 0, that is, pk + 〈p′μ − k〉 + 1 − μ = 0, where ρk|n is half of the graded sum of
the positive roots of glk|n. This condition requires p′μ  k and hence pk = μ− 1. It follows from
[6, Proposition 5] that
λ(k|n) = ω0
(
λ(k|n) −
k∑
i=1
μi∑
ν=1
(i − δν)
)
, (A.3)
where ω0 is the longest element in the Weyl group of glm ⊕ gln, and
μk = μ− 1, μi = min
{
μk +
(
λ(k|n), i − k
)
, n
}
.
It is clear that Γ k−1|n
λ(k−1|n)
is nonzero, and its lowest weight λ(k−1|n) is obtained from (A.3) by
deleting the first entry. If we can show that the irreducible Uq(glk−1|n)-module with highest
weight
ψ := (p1, . . . , pk−1; 〈p′1 − k + 1〉, . . . , 〈p′n − k + 1〉),
has a lowest weight ψ = λ(k−1|n), then the induction step is completed.
If ψ is atypical, we define νk−1 := ν and νi , i < k − 1, by
(
ψ + ρk−1|n, k−1 − δν
)= 0, (A.4)
νi = min
{
νk−1 + (ψ, i − k−1), n
}
, (A.5)
where ν exists and is unique by [6, Proposition 5]. Then ψ can be expressed in terms of these
integers as in (A.3).
If pk−1 = pk , we can see that ψ is atypical with respect to the odd root k−1 − δμ. Then
νi = μi for all i  k − 1. Using [6, Proposition 5], we can easily show that ψ = λ(k−1|n).
If n > pk−1 > pk , there exists a unique ν rendering (A.4) satisfied. Thus ψ is also atypical.
Now νi = μi for all i < k − 1. Using this information we easily see that ψ = λ(k−1|n).
Finally if pk−1  n, then ψ is typical. In this case ψ can be easily worked out as in the Typical
case. It again agrees with λ(k−1|n).
This completes the proof of the induction step, thus proves the lemma. 
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Now we prove the rest of the theorem. Note that Vdk|n = (T (m|n))Φ(Υk)⊗Ψ (Ad ). From Theo-
rem 2.1 we obtain
Vdk|n ∼=
⊕
λ∈Λm|n
(
L
m|n
λ
)Υk ⊗ (Lm|nλ )Ad .
By using Lemma A.2(1) and Lemma A.1, we obtain Vdk|n ∼=
⊕
λ Γ
k|n
λ(k|n)
⊗ Ldλ, where the sum-
mation is over all λ ∈ Λm|n such that λm−k = λd+1 = 0. Now the second claim of Theorem 2.2
immediately follows from Lemma A.2(2). 
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